The Cumulative Residual Entropy (CRE), introduced by Rao et al. (2004) , is viewed as a dynamic measure of uncertainty. Recently Asadi and Zohrevand (2007) proposed a dynamic form for the CRE, namely Dynamic Cumulative Residual Entropy (DCRE), and has discussed some of its properties. In this paper, we look into the problem of extending this concept to the conditionally specified models and study various properties of the new measures. We also propose nonparametric estimation for the new measures defined and performance of the estimators are compared using a simulation study.
Introduction
Let X be a non-negative random variable having absolutely continuous cumulative distribution function F (x) with probability density function f (x). Shannon (1948) If we consider X as the lifetime of a new unit, H(f ) can be viewed as a useful tool for measuring the associated uncertainty. Observing that if a unit has survived up to an age t, H(f ) is not capable of measuring the uncertainty about remaining life. Thus Ebrahimi and Pellerey (1995) and Ebrahimi (1996) proposed the concept of residual entropy. For a non-negative random variable X, representing the lifetime of a component, the residual entropy function is the Shannon's entropy associated with the random variable X given X > t, and is defined as
where F (t) = P (X > t) is the survival or reliability function of X.
Let X and Y be absolutely continuous non-negative random variables that describe the lifetimes of two items. We denote by f (t), F (t) and F (t) = 1− F (t), the probability density function, distribution function and survival function of X, respectively and g (t) , G(t) and G(t) the corresponding functions of Y .
As an information distance between F and G, Kullback and Leibler (1951) proposed the following discrimination measure, also known as relative entropy of X and Y ,
More recently, Ebrahimi and Kirmani (1996) have defined the Kullback-Leibler distribution information of X and Y at time t by
(1.3) is useful to compare the residual lifetimes of two items that have both survived upto time t. Rao et al. (2004) introduced a new measure of information namely Cumulative Residual Entropy (CRE) that extends the Shannon entropy to continuous random variables and is defined as
The basic idea in this definition is to replace the density function with the cummulative distribution in Shannon's definition of entropy. The differential entropy doesn't have the following important properties of CRE (see, Rao et al. (2004) ). 1) CRE has consistent definitions in both the continuous and discrete domains; 2) CRE is always non-negative; 3) CRE can be easily computed from sample data and these computations asymptotically converge to the true values. 4) The conditional CRE of X 1 given X 2 is zero, if and only if X 1 is a function of X 2 .
The distribution function is more regular than the density function, because the density is computed as the derivative of the distribution. Moreover, in practice what is of interest and/or measurable is the distribution function. For example, if the random variable is the life span of a machine, then the event of interest is not whether the life span equals t, but rather whether the life span exceeds t.
Clearly Ᏹ(X) measures the uncertainty contained in the cdf of X. Applications of Ᏹ(X), and cross cumulative residual entropy related measure to image alignment and to measurements of similarity between images can be found in Wang and Vemuri (2007) and Wang et al. (2003) . Further, Asadi and Zohrevand (2007) introduced the CRE for the residual life time distribution, called the dynamic cumulative residual entropy (DCRE), defined as
It is clear that Ᏹ(X; 0) = Ᏹ(X). (1.5) can be rewritten as
where r(t) = E(X − t | X ≥ t) is the mean residual life function (MRLF) of the random variable X. Asadi and Zohrevand (2007) proved that
In studying the reliability aspects of multi-component system with each component having a lifetime depending on the lifetimes of the other, multivariate life distributions are employed. Reliability characteristics in the univariate case extends to the corresponding multivariate version. Eventhough a lot of interest has been evoked on the CRE of residual entropy in the univariate case, only few works seem to have been done in higher dimensions. For details see Rajesh and Nair (2000) , Nadarajah and Zografos (2005) , Nanda and Paul (2005) , Ebrahimi et al. (2007) , Sathar et al. (2009 Sathar et al. ( , 2010 and Rajesh et al. (2009 Rajesh et al. ( , 2014 .
The present paper addresses the question of extending the definition of DCRE to bivariate setup and study its properties. The dynamic cumulative entropy of conditional distributions has been recently introduced by Rajesh et al. (2014) and studied various properties.
In order to introduce conditional, joint and cross dynamic cumulative entropies, we make use of the definition of dynamic cumulative entropy of conditional distributions in this paper.
The rest of the paper is organized as follows. In Section 2, we extend DCRE for the conditionally specified models. In Section 3, we discussed the properties of the new measures defined. In Section 4, we discussed nonparametric estimates of the new measure introduced. In Section 5, we studied the performance of the estimators using a simulation study.
Bivariate dynamic cumulative residual entropy
Identifying the joint distribution of (X 1 , X 2 ) when conditional distribution of (X 1 | X 2 = x 2 ) and (X 2 | X 1 = x 1 ) are known has been an important problem dealt with by many researchers in the past. This approach of identifying a bivariate density using the conditionals is called the conditional specification of the joint distribution. These conditional models are often useful in many two component reliability systems when the operational status of one component is known. Ebrahimi et al. (2007) developed measures of information for multivariate distributions when their supports are truncated. The key objectives of these study are to introduce measures for assessing whether a distribution becomes more or less informative about the prediction of remaining life times using entropies of joint, marginal and conditional residual life distributions. Also, the mutual information of the residual life distributions is used to assess the dependancy of the components of a system as they age.
The present paper provides another way in which the information about the predictability of the remaining life time and dependency can be studied using joint, marginal and conditional cummulative residual entropies. These measures also find applications in solving the uni and multimodal image alignment problem for parameterized (rigid, affine and projective) transformation. The key strength of the cross cummulative residual entropy over using the mutual information based on Shannon's entropy are that the former has significantly large noise immunity and a much larger convergence range over the field of parameterized transformation (see, Wang et al. (2003) ).
For a random variable vector X = (X 1 , X 2 ) represent the lifetime of the components in a two component system with joint survival function F (x 1 , x 2 ), marginal survival function F i (x i ), i = 1, 2. It is of special interest to consider the DCRE of conditional distributions namely, the conditional distribution of
The dynamic cumulative residual entropy for the random variable
Differentiating (2.1) with respect to t i , i = 1, 2, we get
is the ith component of the vector valued failure rate and
is the ith component of the vector valued mean residual life.
Analogous to the conditional residual entropy, defined by Ebrahimi et al. (2007) , comparing Ᏹ(X i ; t 1 , t 2 ) with the marginal cumulative residual entropy Ᏹ(X i ; t i ) gives an idea about the residual life of the component i when we considering t 1 and t 2 against t i , i = 1, 2. That is, when we consider both the ages, that may cause a reduction or excess in the uncertainty in the residual life of the components. If X i is the right tail decreasing dependence in X j , i = j and if F (x i ), i = 1, 2 have decreasing mean residual life function, then Ᏹ(
Hence, right tail decreasing dependence and marginal decreasing mean residual life are sufficient condition for the uncertainty reduction about the residual life of one component due to the consideration of the ages of the both components.
The dynamic cumulative residual entropy for the random variable X i given X j = x j defined as
Differentiating (2.4) with respect to t i , i = 1, 2, we get
dx i are the conditional failure rate and mean residual life function defined for the random
The conditional dynamic cumulative entropy function is defined as
where f j (x j ; t 1 , t 2 ) is the marginal residual density for the random variable
The joint cumulative residual entropy can be decomposed as
It is to be noted that
Now the cumulative entropy difference, is defined as
(2.10) (2.10) can be viewed as the Kullback-Leibler discrimination function, denoted as
respectively. (2.10) can be negative or positive depending upon whether
Now we define the cross cumulative residual entropy (CCRE)(analogous to residual mutual information (Ebrahimi et al. (2007) ), is defined as
The Kullback-Leibler and entropy representation of two residual life times, given by
By (2.12), CCRE(X i , X j ; t 1 , t 2 ) ≥ 0 and it can be verified that
is the cross cumulative residual entropy of (X 1 , X 2 ).
For any bivariate distributions, the residual mutual information is symmetric with respect to its coordinates. But CCRE is not symmetric. That is CCRE(X 1 , X 2 ; t 1 , t 2 ) = CCRE(X 2 , X 1 ; t 1 , t 2 ). In order to derive a symmetric version of CCRE we define
It is clear that SCCRE(X 1 , X 2 ; t 1 , t 2 ) = SCCRE(X 2 , X 1 ; t 1 , t 2 ). A summarization of formulas of these measures are provided in Table 1 . From (2.13) and (2.14), we have
The equality holds iff X 1 and X 2 are independent. Clearly SCCRE is nonnegative. We will however use the nonsymmetric CCRE in our study, as it is sufficient to yield the desired results. In the following examples we compute the various dynamic CRE measures defined above, using some bivariate distributions.
Example 1. Consider the following bivariate distribution with the survival function given by 
dxi and
and the corresponding density function is
Using (2.1), (2.4), (2.6), (2.8) and (2.14), we get
It can be shown that all cumulative residual entropies are increasing in t 1 and t 2 .
Example 2. Consider the bivariate distribution with the following density as the unit square
The survival function is
The marginal CRE for the random variable X 1 given X 2 > t 2 for (2.25) simplifies to Ᏹ(X 1 ; t 1 , t 2 ) = 1 18(t 1 − 1)(2 + t 1 + t 2 ) (2.26)
2 )(5 + t 2 ) log(2 + t 1 + t 2 ) + 3(7 + 3t 2 ) log(1 − t 1 ) + 3t 1 (17 + t 2 (10 + t 2 )) + 3t 2 −8 + 24 log(3 + t 2 ) + t 2 (−1 + 9 log(3 + t 2 ) + t 2 log(3 + t 2 ))].
The expressions of Ᏹ(X i | X j ; t 1 , t 2 ), Ᏹ(X i , X j ; t 1 , t 2 ) and CCRE(X i , X j ; t 1 , t 2 ) computed using (2.25) are more complicated. But it can be shown that all cumulative residual entropies are increasing in t 1 and t 2 and the rate of increase is highest on the diagonal (t, t). Figure 1 shows the graphs of three cumulative residual entropies. The joint cumulative residual entropy Ᏹ(X 1 , X 2 ; t, t) is shown by the solid curve and the marginal cumulative residual entropy Ᏹ(X 1 ; t, t) by the dashed curve and the conditional cumulative residual entropy Ᏹ(X 1 | X 2 ; t, t) by the dotted curve.
The CCRE decreases in t 1 and t 2 . Thus by (2.13) the joint CRE increases with a faster rate than the total CRE's and by (2.14), the conditional CRE decreases with a faster rate than the marginal residual entropy. Figure 2 shows the graph of CCRE(X 1 , X 2 ; t, t).
Properties
In this section we study some properties of the measures defined in Section 2. We first look into the situation where the dynamic cumulative residual entropy (DCRE) coincides with the conditional dynamic residual entropy.
Theorem 3.1. The conditional cumulative residual entropy
holds if and only if X 1 and X 2 are independent.
Proof. When (3.1) holds, we have for i = 1, j = 2
Differentiating (3.2) both sides with respect to t 2 , we get
Differentiating (3.3), with respect to t 1 on both sides, and simplifying, we get,
which is equivalent to
This means r 1 (t 1 , t 2 ) is independent of t 2 or r 1 (t 1 , t 2 ) = r 1 (t 1 , 0). (3.5) Differentiating (3.5) with respect to t 1 on both sides, we get
Using the relationship between vector valued hazard rate and mean residual life function, we get
where log
or
Hence X 1 and X 2 are independent.
The following theorem characterizes conditional cumulative residual entropy in terms of conditional mean residual life function.
Theorem 3.2. The conditional cumulative residual entropies
if and only if
where
Proof. When (3.6) holds, we have
Differentiating with respect to t 2 on both sides, we get
Differentiating with respect to t 1 on both sides, we get
The above equation can be written as,
This gives
Like other reliability measures as failure rate, mean residual life function, residual entropy function, CRE is said to be memoryless if it is free from the ages of the components. In the univariate case, memoryless CRE characterizes the exponential distribution. In the following theorem, bivariate independent exponential distribution is characterized by memoryless conditional CRE.
Theorem 3.3. The conditional cumulative residual entropies Ᏹ(X i | X j ; t 1 , t 2 ), i, j = 1, 2, i = j are constants free from t 1 , t 2 if and only if X 1 and X 2 are independently exponentially distributed. That is,
Proof. To prove sufficiency part, by (3.6) for two independent random variables X 1 and X 2 ,
Using the result of Ebrahimi (1996) , dynamic cumulative entropy of an exponentially distributed random variable being constant independent of time.
The proof of the necessary part follows from the fact that
Differentiating with respect to t 2 on both sides we get
It follows from Ebrahimi (1996) that for some λ 1 > 0,
Hence
A bivariate distribution possesses the bivariate lack of memory property if
When s 2 = 0, (3.7) becomes
Taking proper steps in (3.7) and (3.8), leads to
In the following theorem, we address the question of cumulative residual entropy of lifetimes of parallel and series systems of two components.
Theorem 3.4. Suppose that X 1 and X 2 are independent and identically distributed random variables.
Proof. (a) We have
Differentiating (3.9) with respect to t on both sides we get
log F (t) (3.10)
Differentiating (3.10) with respect to t on both sides, we get
In the following theorem we give a sufficient condition for Ᏹ(X i , X j ; t 1 , t 2 ), i = j = 1, 2 to be monotone in terms of the mean residual life function.
Proof. We have
Differentiating (3.11) with respect to t 2 on both sides, we get
Since r 2 (t 1 , t 2 ) is decreasing and
Hence we have
This completes the proof for the increasing part. The proof for the decreasing part is similar.
Non parametric estimation
Let (X i , Y i ), i = 1, 2, . . . , n be n independent and identically distributed pairs of failure times with survival function F (t 1 , t 2 ). Based on this observation, F (t 1 , t 2 ) is, generally estimated by the empirical survival function F n (t 1 , t 2 ), is defined as
The estimator for the dynamic cumulative residual entropy Ᏹ(X i ; t 1 , t 2 ) for the random variable X i | X j > t j is obtained as
For estimating the conditional cumulative entropy function Ᏹ(X i | X j ; t 1 , t 2 ), we use the usual kernel estimator of conditional distributions. Let h jn , j = 1, 2 denote the bandwidth such that h jn → 0 as n → ∞. Kernel estimate of the conditional survival function of X i given X j = x j , i = j = 1, 2, is given by
where w(·) denote the Kernel. The estimator of the dynamic cumulative entropy of
From (2.7), the estimator of conditional cumulative entropy Ᏹ n (X i | X j ; t 1 , t 2 ) is obtained as
Finally, we obtain the estimator of the joint cumulative residual entropy functions as Ᏹ n (X 1 , X 2 ; t 1 , t 2 ) = Ᏹ n (X 1 ; t 1 , t 2 ) + Ᏹ n (X 2 | X 1 ; t 1 , t 2 ) Ᏹ n (X 2 , X 1 ; t 1 , t 2 ) = Ᏹ n (X 2 ; t 1 , t 2 ) + Ᏹ n (X 1 | X 2 ; t 1 , t 2 ) (4.5) Using Glivenko-Cantelli theorem for bivariate survival functions, we can prove the consistency and weak convergence of the estimates.
Simulation studies
For empirical studies on the performance of the estimators, we carried out a series of 1000 simulations each of size n = 20, 50, 100 from a bivariate Pareto distribution with survival function F (t 1 , t 2 ) = (t 1 + t 2 − 1) −α , t 1 , t 2 ≥ 1 (5.1) for α = 3, 6, and 10. We used the algorithms of Johnson (1987) for generating the observations. Simulation results are tabulated in Tables 2-4. In the tables, the bias (upper parenthesis) and mean squared errors (MSEs) (lower parenthesis) of the estimates are given at pairs of time points (t 1 , t 2 ), where t 1 and t 2 take values 1.09 and 1.57 corresponding to marginal survival probabilities 0.75 and 0.25. Results are also given at the point (1, 1). A careful observation of the tables reveals that MSE decreases as sample size increases. 
